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Abstrac:t-The integral equation method is presented for elastodynamic problems ofinhomogeneous
anisotropic bodies. Since fundamental solutions are not available for general inhomogeneous
anisotropic media, we employ the fundamental solution for homogeneous elastostatics. The tenns
induced by material inhomogeneity and inertia force are regarded as body forces in elastostatics,
and evaluated in the fonn of volume integrals. The scattering problems of elastic waves by
inhomogeneous anisotropic inclusions are investigated for some test cases. Numerical results show
the significant effccts of inhomogeneity and anisotropy of materials on wave propagations.

I. INTRODUCTION

Over the last decade a number of developments in the boundary integral equation (BIE)
method have been published in the field of elastodynamics. However, most of them have
been devoted to homogeneous, or piecewise homogeneous isotropic bodies except for some
special cases. For the antiplane problem of an ad hoc inhomogeneous medium, Niwa and
Hirose[l] found the fundamental solution in an explicit form and applied it to the for­
mulation of the BIE. In elastostatics, the direct BIE formulations were derived by using the
explicit fundamental solutions to the governing field equations ofanisotropic homogeneous
media[2-4]. Moreover, Nishimura and Kobayashi[5] proposed the indirect BIE for three­
dimensional anisotropic homogeneous bodies, which did not use an explicit expression of
the fundamental solution. However, the applicability of the BIE method in elastodynamics
has been mainly restricted to homogeneous isotropic bodies, since the fundamental solutions
are not available for general inhomogeneous anisotropic media.

In general, governing equations for inhomogeneous anisotropic bodies become differ­
ential equations with variable coefficients. Some of the earliest applications of the integral
equation method to solving differential equations with variable coefficients were done by
Lautenbacher[6] and Mattioli[7]. They investigated the linearized long water waves with
variable depth by using the fundamental solutions for the Helmholtz equation[6] and the
Laplace equation[7]. Niwa et a/.[8] applied the formulation proposed by Mattioli to anti­
plane problems of inhomogeneous elastic bodies, and furthermore extended it to inplane
problems of inhomogeneous isotropic bodies[9-11]. In a series of these approaches, the
fundamental solutions in homogeneous elastostatics were employed. Therefore, the terms
with respect to material inhomogeneity and inertia force were regarded as body forces in
elastostatics, and evaluated in the forms ofvolume integrals. Similar approaches were found
in the analysis, e.g. of orthotropic plates[12] and of inelastic problems[13].

In the present paper, we further extend the above-mentioned approach to elastodynamic
problems ofgeneral inhomogeneous anisotropic bodies. As numerical examples, in addition,
we investigate the scattering problems of elastic waves by various inhomogeneous aniso­
tropic inclusions in an infinite space.
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2. FUNDAMENTAL EQUATIONS IN ELASTODYNAMICS

2.1. Three-dimensional problem
Let Ddenote an internal domain in the three-dimensional Euclidian space R3 and aD

denote its bounding surface. Under the assumption of infinitesimal deformations and linear
elastic behavior of material, the equation of motion for an inhomogeneous anisotropic
body D is

(I)

where Uj, 6;, Cjjki> P are displacement, body force, elastic moduli, and mass density, respect­
ively. From the assumption ofmaterial inhomogeneity, elastic moduli Cijkland mass density
p are inhomogeneous, i.e. vary from point to point in the body D. For general anisotropic
materials, the number of independent constants of Cijkl is 21. Isotropic materials are char­
acterized by only two independent constants such as

(2)

where A. and J.L are Lame constants.
Here we consider the case in which all field quantities are harmonic in time with the

angular frequency co, i.e.

141 (x, t) = Re {UI(X) e- IOl'}

bl(X, t) = Re {hi (x) e-;Ol'}.

Ifwe substitute eqn (3) into eqn (I), we obtain the governing equation in a steady state

(3)

(4)

where the time factor exp ( - icot) is suppressed.
For the mixed boundary value problem in a steady state, the boundary conditions are

given as follows:
UI(X) = Uj(x) x on aDu

= i;(x) x on aD,

(5a)

(5b)

where nj is a unit vector normal to a boundary and aD = aDu +aD,. iii and i; are prescribed
quantities.

2.2. Two-dimensional problem
If all field quantities in question depend only on two space variables, say XI and X2'

then the problem is reduced to a two-dimensional problem in a plane strain. In this case,
the equation of motion takes the following form

(6)

where Roman indices are used for 1,2 and 3 and Greek indices for 1 and 2 only. Further­
more, the boundary conditions are expressed as

= i;(x) x on aD,.

(7a)

(7b)
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From eqns (6) and (7), the inplane motions u. and the antiplane motion U3 are coupled for
the two-dimensional problem considered here.

3. POTENTIALS

Nishimura and Kobayashi[14] investigated elastic potentials elaborately in order to
solve elastoplastic problems. In this section, we follow them to show some important
properties of elastic potentials which will be used later on. For simplicity, the surface oD is
assumed to be a sufficiently smooth surface in RN (N = 2 or 3).

3.1. Fundamental solutions
In general, it is difficult to find fundamental solutions for inhomogeneous bodies. In

our integral formulation, therefore, we employ the fundamental solutions for homogeneous
bodies in elastostatics, which satisfy

flt (0) Uj(x, y) == C!j/Uj,k,(x, y)

= -15 in115(x-y) (8)

where C/tj, do not depend on the position and denote components ofa tensor of rank 4 with
the symmetries

Moreover, 15;m is the Kronecker delta and 15(x-y) is the Dirac delta function. For the
special case of isotropy, i.e.

(9)

(lOa)

the fundamental solutions Ur are found in the closed forms

(three-dimensional problem)

I
Ur(x, y) = 81tJl*(A.*+2Jl*)r {(A.*+3Jl*)15;m + (A.*+Jl*)r.;r.m }

(two-dimensional problem)

U~(x,y) = 41tJl*(A.:+2Jl*) {(A.*+3Jl*)15"" In~+(A.*+Jl*)r,.r.O'} (lOb)

3 1 I
U3 (x,y) = -2* In-

1tJl r

where r = Ix - yl.

3.2. Simple layer potential
For a continuous density 4Jm, the simple layer potential

V/(x) = r Uj'(x, Y)4Jm(Y) dSyJOD

is continuous everywhere in a space RN
•

3.3. Double layer potential
Next, we consider the double layer potential defined as

W/(x) = r ur,j(x, y)r/Jmj(Y) dS,
JaD

(II)

(12)
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where iftmj(Y) is a sufficiently well-behaving density. The superscript ,j indicates the differ­
ential with respect to the second argument of U,!" i.e. oloh This potential shows the
following finite limit wt (U~-) as x approaches a boundary point on oD from the side into
which the positive (negative) normal points

where L\t.,- 1(;) denotes the inverse matrix of Fourier transform of Navier's operator L\~(c)

defined in eqn (8), and -f .ds indicates the principal value integral. For the isotropic case as
shown in eqn (9), L\~-I(n) has the explicit form

3.4. Volume potential
The volume potentials

D,(x) =1U;"(x, Y)cPm(Y) d Vy

are continuous everywhere in the space RN
•

The volume potential defined as

can be written as

xinD

(14)

(15)

(16)

(17)

(18a)

(18b)

where Vijkl is a tensor defined as

(DC: complement of D)

(19)

(SN: N-dimensional unit sphere; ISNI: area of SN).

The term -Vkim/Pmjk(X) in eqn (18a) is the convected term from the singular integral[15].
For the special case of isotropy, Vijkl is expressed in the following form

{N(A*+2Jl.*) + (J.* + 3Jl.*) }OjfOjk - (J.* +Jl.*) (O;}Okl + c5;kc5p)
Vijkl =--- Jl.*(J." +2Jl.*)N(N+2) -- . (20)
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Furthermore, D;'(x) shows the following discontinuity across the boundary oD
1545

D;'± (x) = - iVkim/Pmjk(X)± ink~~-I(n)n/Pmjk(X)+ f U~,jk(X, Y)(J>mjk(y)dVy xonoD.

(21)

4. FORMULATION OF INTEGRAL EQUATIONS FOR INHOMOGENEOUS ANISOTROPIC BODIES

In this section, integral representations of displacements in an inhomogeneous aniso­
tropic body are derived on the basis of a static fundamental solution for a homogeneous
body. For simplicity, the elastic moduli C;jkl are assumed to be continuous everywhere in
the domain D.

4.1. Three-dimensional problem
With use of the constants qk/ defined in eqn (8), the governing eqn (4) is written in

the form,

where F;(x) = p(x)bl(x) +p(x)w 2u;(x) + {(C/jkl(X) - qkl)Uk,b)},j' The term FI is considered
as a body force in elastostatics.

We now multiply the above equation by the fundamental solution U'!' which satisfies
eqn (8) for a homogeneous anisotropic medium, and integrate all over the domain D. Then
we obtain

(22)

or in a slightly different form

Iv {(U~(x, y) Cjjkl(X)Uk,I(X»,j- (U;j(x, y)Cljkl(X)Uk(X».I} dVx

+ Iv {(U;j(X,y)Cijkl(X»,/Uk(X)} dVx

+ Iv U~(x, y) (p (x)b; (x)+p(x)w2Uj(x» dVx = O. (23)

Applying the diver:gence theorem to the first volume integral of eqn (23) and using the
relation U;"(x, y) = U~(y, x), we have

r {U:,,(x, y)tj(y)- T:,,(x, y)u;(y)} dSy + r (U:t(x, y)Cjjkl(y»,IUk(y) dVy10 1

+ LU~(x,y)(P(y)bi(y)+p(y)w2u/(y)dVy =0 (24)

where T~(x, y) is defined as

(25)

With the use of properties of potentials shown in the previous section, eqn (24) is rewritten
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as follows:
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r {U:,,(x, y)tj(y) - T:,,(x, Y)Uj(Y)} dS,
JOD

+£ U;/(X,y)C;jkl(Y)Uk(y)dVy+LU:;:(x,y)C;jkl,I(Y)Uk(y)dVy

+LU:"(X,Y)P(Y)b;(Y)dVy+w21U~(x,y)p(y)uj(y)dVy

r U~(x, y)tj(y) dSy - r T~(x, y)u;(y) dSyJeD ]Go

+£ U:;:I(X, y)C;jkl(Y)Uk(Y) dVy+fD U:;:(x, y)CijkIAY)Uk(Y) dVy

+LU~(x, y)p(y)b;(y)d Vy+w2LU~(x, y)p (Y)U; (y) d Vy

= ivlmijCjjk/(X)Uk(X) x on oD; (26b)

1{U~(x, y)t;(y) - T:,,(x, y)u;(y)} dSy
cD

+L(U;;/(x, y)Cjjk/(yWUk(Y) dVy+LU~(x,y)p(y)bj(y)dVy

+w 2LU:"(x, Y),J(y)uj(y)d Vy = 0 xinDC
; (26c)

where Vlm;j is defined in eqn lI9).
Equations (26a) and (26b) constitute the boundary-domain integral equations with U;

in D and Uj and t j on oD as unknowns.

4.2. Two-dimensional problem
In this section, the fundamental solutions for the isotropic bodies defined in eqns

(lOb) and (lOc) are used in order to formulate integral equations for two-dimensional
inhomogeneous anisotropic media with no loss of generality.

First of all, the governing eqn (6) for the two-dimensional problem can be written as
follows

(27a)

(27b)

where

Multiplying eqn (27a) by U: defined in eqn (lOb), and eqn (27b) byU~ defined in eqn (lOc),
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and integrating them over the domain D, we have

LU: (x, y) {C:Pk-tUk"P(X) +F.(x)} dSx = 0

1547

(28a)

(28b)

We follow the same procedures as those from eqn (22) to eqn (26). Then we obtain the
following integral equations

=

r {U:(x,y)/Il(Y)-T:(X,Y)Uk(y)}dsy+ r (U:,P(x,y)C.pty(y))'1uk(y)dSyk 1
+Lu:(X,y)P(y)b.(y)dSy+w 2LU:(x,y)p(Y)ull(y)dSy

{

V,I1.pCIlPty(X)Uk(X)

= !V'I1IlPc.~ky(X)Uk(X)

r {U~(x,Y)t3(Y)-71(x,y)uk(y)}dsy+ r (U~,P(x,y)C3Pk,(y))'Yuk(y)dSy
JOD JD

+LU~(x, y)p(y)b3 (y) dSy+w 2LU~(x, Y)P(Y)U3(Y) dSy

I
2J1.* C3PkP(X) Uk(X)

I
4J1.* C3PkP(X)Uk(X)

o

where T~ and T1 are defined as

T~(x, y) = n,(y)C.pk-t(y)U:'p(x, y)

T1(x, y) = n,(y)C3Pty(y)U~'p(x,y)

xinD

xonaD

xinDC

xinD

xonaD

xinDC

(29a)

(29b)

(29c)

(30a)

(30b)

(30e)

(3Ia)

(3Ib)

respectively, and v1I11lp is given in eqn (20) where N = 2. N~te that some integrals in eqns
(29) and (30) stand for their principal values as in eqn (26). It is clear that eqns (29) and
(30) constitute the simultaneous integral equations having Uj in D and Uj and I j on aD as
unknowns, so that the inplane motion and the antiplane motion are not independent for
these general anisotropic bodies.

5. SCATIERING Of ELASTIC WAVES BY INHOMOGENEOUS ANISOTROPIC INCLUSIONS IN
AN INfiNITE SPACE

Here we give some numerical examples in order to demonstrate the applicability of the
integral equations derived in the previous section.
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Fig. I. An inhomogeneous anisotropic inclusion D in an infinite space D'.

5.1. Statement of the problem
Let us consider the two-dimensional scattering problem ofelastic waves by an inclusion

D in an infinite space, as shown in Fig. I. The inclusion D is assumed to be an arbitrary
shaped inhomogeneous anisotropic body, while its surrounding domain De is assumed to
be a homogeneous isotropic medium. The elastic constants and the density in the domain
De are denoted by -te, jJ.e, and pe, and those of the inclusion by Cijkl and p. The incident wave
u' is assumed to be a harmonic plane wave. Furthermore, we assume the continuities of
displacements and tractions across the boundary aD.

5.2. Integralformulafor an exterior domain De
Since the domain De is homogeneous and isotropic, the conventional Green's

(Somigliana's) formula for an exterior domain leads to the following integral equations
for the inplane motion and the antiplane motion

{ ••(x) xinD" (32a)L(H:(x, y)•• (y) - G:(x, y)t.(y)} ds, +.:(x) = 1~(X) xonoD (32b)

x in (De)C (32c)

{ .,(x) xinD' (33a)L(Hl(x, y).,(x) - Gi(x, y)t ,(y)} ds, +.\(x) = I .~(Xl xonoD (33b)

xin (Def (33c)

where G~ and Gj are the fundamental solutions in elastodynamics, and Jra and Hj denote
the kernels of the double layer potentials defined as

Jra(x, y) = ).ena(y)G~·p(x, y) + jJ.enp(y) (G~'p(x, y)+ G~·a(x,y)) (34a)

The fundamental solutions G~ and'Gj are well known to have the closed forms

(35a)

(35b)

where M'l(·) denotes the zero order Hankel function of the first kind, and
k'-r = w(jJ.e!p,)-1/2 and k1 = w«).e+2jJ.e)!p)-1/2.
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5.3. Some remarks on the numerical implementation
The boundary integral equations (32b) and (33b) are coupled with the boundary­

domain integral equations (29) and (30) by taking account of the continuity conditions of
displacements and tractions on the boundary aD. In the numerical analysis, these integral
equations are discretized and reduced to an algebraic linear system with unknowns of
displacements in D and displacements and tractions on aD. The procedure of discretization
is quite similar to that shown for the case of inhomogeneous isotropic bodies[9, 10].

Some remarks on the numerical implementation are summarized here.
(I) The boundary aD is divided into !VB straight boundary elements and the domain

D into N D triangular body elements. These elements must be fine so as to represent the
incident wave correctly. In the numerical examples presented later, N B = 48 and N D = 270.

(2) The quantities Uj and t j are assumed to be constant over each element.
(3) We use the analytical method[14,16] to evaluate the integral over a singular element

where the field point coincides with the source point. Except for the singular element,
integrals over boundary elements are evaluated by the eight point Gaussian quadrature
method, and integrals over body cells are evaluated by the seven point Gaussian quadrature
method for the triangles.

(4) In order to avoid the cancellation which may occur in the dynamic fundamental
solution defined in eqn (35a) when its argument is small, we expand it into a series and
delete the apparent singularity before numerical integration.

(5) Since we employ the static fundamental solution in the formulation for inhomo­
geneous anisotropic inclusions, the frequency parameter is free from the integrals. There­
fore, when dynamic responses are required for many frequencies, we evaluate the integrals
once with respect to the static fundamental solution and store them for the repeated
calculations.

5.4. Numerzcal examples
5.4.1. Accuracy of solutions. In the case of a homogeneous isotropic inclusion, the

scattering problem can be also formulated by the conventional BIB method[17, 18]. To
confirm the accuracy of solutions obtained by the present method, we can compare our
results with the BIB solutions in the case of a homogeneous isotropic inclusion. In the
following two examples, material constants are given as

where Ai and J1.i are Lame constants of the inclusion, and ve denotes the Poisson's ratio in
the surrounding medium De.

Figure 2 shows the deformation of a circular cylindrical inclusion when the peak of a
harmonic incident wave arrives at the center of the inclusion. The incident wave is assumed
to be a plane P wave with the wave number ak'T = 1t or 21t, where a is a radius of the
inclusion. Figure 3 shows the deformation of a circular cylindrical inclusion subjected to a
harmonic plane SV wave. In both figures, the results by the present method have a good
agreement with those by the BIB method.

5.4.2. Inhomogeneous inclusions. To investigate the effect of material inhomogeneity
on the scattering ofelastic waves, three types ofcircular cylindrical inclusions are considered.
One is a homogeneous isotropic inclusion, and the others"are inhomogeneous isotropic
inclusions. The material constants used are as follows:

(case I)

(case 2)

(case 3)
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Fig. 2. Defonnation of a circular cylindrical inclusion subjected to a plane P wave. The parameters
use:d are Aillf = /liM = 0.5. pIp' = 1.0. and v' =0.25. -: DIE method, 0: present method.
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Fig. 3. Deformation ofa circular cylindrical inclusion subjected to a plane SV wave. The parameters
used are the same as those: in Fig. 2. -: DIE method. 0 : present method.

t incident
wave

Fig. 4. A circular cylindrical inclusion.
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where XI-X2 coordinates are taken as shown in Fig. 4. The incident wave is assumed to
be a sinusoidal plane SV wave with the wave number ak'r = 1t and propagates to the X2­

direction.
The defonnation of the inclusion corresponding to cases 1-3 is shown in Figs 5(a)-{c),

respectively. On the right-hand side of these figures, the shape of the travelling incident
wave is depicted at each time. The time t is normalized by the period T of the incident

0.02.0

t/T-O.O

tIT=O.12S

tIT"O.2S

t/T-O.37S

t/T-O.S

(a) (b) (c) incident
SV wave

Fig. 5. Deformation of homogeneous (a) and inhomogeneous [(b) and (c)l inclusions subjected to
vertically incident SV wave. Figures (a)-(c) correspond to cases 1-3 in the text. respectively.
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,....,
0.02.0

t/T=O.O

t/T=O.125

t/T=O.25

t/T=O.375

t/T=O.5

(b)(a) incident
P wave

Fig. 6. Deformation of isotropic (a) and anisotropic [(b}-(d)] inclusions subjected to vertically
incident P wave. Figures (a)-(d) correspond to cases 4-7 in the text, respectively.
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Fig. &-continued
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wave. From these figures, we find that the inhomogeneous inclusion shows more com­
plicated features than the homogeneous one. In the upper part of the inclusion in Fig. 5(b),
particularly, large amplifications are induced due to the soft properties of material.

5.4.3. Anisotropic inclusions. Here, we consider the following four types of homo­
geneous but anisotropic inclusions.

(case 4)
C11/J.l' = 1.5, C I2 /J.l' = 0.5, CnlJ.l' = 1.5, C44 /J.l' = 0.5, pi/p' = 1.0

(case 5)
C 1 JJ.l' = 1.5, CdJl' = 0.5, Cn/J.l' = 0.5, C44 /J.l' = 0.5, pi/p' = 1.0

(case 6)
C\ dJ.l' = 1.5, CdJ.le = 0.5, Cn/J.l' = 4.5, C44 /J.l' = 0.5, pi/p' = 1.0

(case 7)
C11/J.l' = 4.5, C12/J.l' = 0.5, Cn/J.l' = 1.5, C44 /J.l' = 0.5, pi/pO = 1.0

where Cij are Voigt constants[19]. In all these cases, furthermore, Poisson's ratio v' in De is
0.25 and all other components of Cij are zero. Note that case 4 is identical to the homo­
geneous isotropic inclusion of case I. In the following, only inplane motions are taken into
account, since inplane motions and antiplane motions are uncoupled in these cases.

Figures 6(a)-(d) show the deformation of inclusions in cases 4-7, respectively. The
incident wave is assumed to be a harmonic plane P wave with the wave number
akL = n/(2.j3). A comparison between Figs 6(a) and (b) shows that the phase velocity in
the latter inclusion is much slower than the phase velocity in the former one. From Figs
6(a) and (c), on the other hand, we find that the phase velocity in the latter is much faster
than that in the former. These phenomena occur due to the differences of the coefficient
Cn which mainly relates to the longitudinal wave propagating in the x2-direction. Fur­
thermore, there is little difference between dynamic behaviors of inclusions shown in Figs
6(a) and (d). This shows that the elastic coefficient CII perpendicular to the propagation
direction has small effect on the propagation of the P wave.

6. CONCLUDING REMARKS

In the present paper, we have shown the integral formulation of elastodynamic problems
for inhomogeneous anisotropic bodies on the basis ofa homogeneous fundamental solution
in elastostatics. Instead of the static fundamental solution, we can use the dynamic fun­
damental solution in the integral formulation. In this case, however, there is no advantage
over the formulation presented here[l]. One reason is that the dynamic fundamental solution
is more troublesome than the static one to deal with it. The other is that the dynamic
fundamental solution is inadequate to the dynamic analysis for many frequencies because
it involves the frequency parameter implicitly.

Since the governing equation (I) is linear with respect to time, the principle of super­
position holds true. Therefore, if the transient wave fields are required, they can be easily
reconstructed by superposing steady state solutions by means of the inverse Fourier trans­
form [I I]. Furthermore, letting the frequency co be zero in eqns (26), (29) and (30), we can
also treat static problems for inhomogeneous anisotropic bodies.
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